The recent discovery of an incipient charge density wave (CDW) instability competing with superconductivity in a class of high temperature cuprate superconductors has brought the role of charge order in the phase diagram of the cuprates under renewed focus. Here we take a mean field Q = (2π/3, 2π/3) CDW state and calculate the Fermi surface topology and the resulting Hall and Seebeck coefficients as a function of temperature and hole doping. We show that, in the appropriate doping ranges where the low temperature state (in the absence of superconductivity) is a CDW, the Fermi surface consists of electron pockets, resulting in the Hall and Seebeck coefficients becoming negative at low temperatures, as seen in experiments.
Introduction: Despite intensive efforts in the last two decades understanding the nature of the pseudogap phase in cuprate high temperature superconductors remains an open problem [1] . At zero hole doping, the insulating parent compounds of these systems are three-dimensional (3D) antiferromagnetic insulators. As holes are introduced, the superconducting transition temperature (T c ) is finite above a critical doping, reaching a maximum at a hole concentration known as optimal doping. The regime with hole doping less than optimal -known as underdoped regime -hosts the remarkable pseudogap phase. In this regime, the normal (nonsuperconducting) phase above T c has an anisotropic spectral gap of unknown origin ('pseudo'-gap), and behaves strikingly differently from a Fermi liquid. It is generally understood that the crux of the problem of d-wave pairing resides in the pseudogap phase, from which superconductivity develops at lower temperatures.
The idea that in the underdoped regime of the cuprates various charge, spin, or current ordered states compete with superconductivity has been apparent in the past few years [2] [3] [4] [5] [6] [7] . A compelling evidence is provided in the class of materials YBa 2 Cu 3 O 6+x (YBCO), in which, upon suppression of superconductivity by a strong magnetic field, exquisite quantum oscillations of various electronic properties with the applied field point to the existence of Fermi surface pockets [8, 9] . Since in the overdoped regime the Fermi surface is large and hole-like, the existence of Fermi pockets in the underdoped regime indicates a Fermi surface reconstruction near optical doping. A change in the topology of the Fermi surface from hole-like at higher doping to electron-like at low doping is also indicated by measurements of low temperature Hall and Seebeck coefficients which turn negative in the underdoped regime [10] [11] [12] . Although various charge, spin, and current ordered states have been proposed to account for the Fermi surface reconstruction in YBCO [13, 14] , none had so far been observed in bulk-sensitive probes until recently.
In recent X-ray diffraction experiments, two groups have independently discovered [15] [16] [17] [18] strong evidence for an incipient charge density wave (CDW) instability (with scattering peaks at wave vectors Q 1 = (q 1 , 0, 0.5) and Q 2 = (0, q 2 , 0.5), with q 1 ∼ q 2 ∼ 0.31) competing with superconductivity in a range of doping in the underdoped regime of YBCO. Although not conclusively known if the peaks derive from equal distributions of domains with only uni-axial CDW correlations (i.e., with modulations given by only Q 1 = (q 1 , 0, 0.5) or Q 2 = (0, q 2 , 0.5)) or a bi-axial CDW with both wave vectors co-existing, the lack of anisotropy in the scattering signals (intensities, widths) indicates a coupling between Q 1 and Q 2 and a bi-axial CDW order. The temperature (T ) dependent correlation length above T c and only short ranged correlations perpendicular to the CuO 2 planes indicate that the observed charge order is only quasi-static. However, the near divergence of the correlation length as T → T c (and that the scattering signals significantly increase on application of magnetic field below T c ) indicate that a true thermodynamic CDW transition at some critical temperature (T CDW < T c ) is preempted by the superconducting transition at T c .
In this paper we treat a two-dimensional (2D) Q = (2π/3, 2π/3) CDW state in mean field theory (valid for temperatures T < T CDW ) and investigate the reconstructed Fermi surface and experimentally measured transport coefficients as functions of temperature and hole doping appropriate for the underdoped regime of the cuprates. Although the experimental evidence is that for a slight incommensuration in the CDW scattering vectors (i.e., q 1 ∼ q 2 ∼ 0.31) in this paper we work with a commensurate CDW for simplicity (i.e. we take q 1 = q 2 = 0.33, corresponding to charge modulations with periodicity of three lattice vectors). We find that, below the CDW transition temperature and in the appropriate regime of hole doping, the Fermi surface topology changes from a large hole-like Fermi surface at higher doping to a few electronlike Fermi pockets in the CDW state. We calculate the CDW Hall and Seebeck coefficients using the Kubo formula which reduces to the Boltzmann expressions in the experimentally appropriate limits. We show that, in the appropriate doping range where the low temperature phase (in the absence of superconductivity) is a CDW, the Hall and Seebeck coefficients turn negative for T < T CDW , as seen in the experiments. Our calculations establish that the recent observations of strong incipient CDW instability in YBCO [15, 16] are broadly consistent with the other recent experimental surprises in underdoped regime, namely, the existence of Fermi surface pockets [8, 9] and negative low temperature transport coefficients in- dicating Fermi surface reconstruction [10] [11] [12] .
Mean-field Hamiltonian and CDW Fermi surface: To calculate the Fermi surface and the normal-state quasiparticle Hall and Seebeck coefficients, we consider electrons on a twodimensional square lattice of unit lattice constant, with a dispersion given by
where t is a nearest-neighbor, t ′ is a next-nearest-neighbor, and t ′′ is a next-to-next-nearest-neighbor hopping integrals. For the Fermi surface of YBCO measured in photoemission experiments, we choose the parameters t = 0.3 eV, t ′ = 0.32t, and t ′′ = 0.5t ′ [19, 20] . Within a mean-field picture, the Hamiltonian for the CDW state is described by the quasiparticles subject to a periodic modulation with wave vector Q = (2π/3, 2π/3), (2) where c kσ is the annihilation operator for an electron of spin σ and momentum k, and W Q = U k c † k+Q,σ c k,σ is a CDW order parameter with on-site Coulomb repulsion U. By taking W Q = W, we can express the Hamiltonian in terms of a ninecomponent quasiparticle spinor ψ σ (k) as
where the reduced Brillouin zone (RBZ) is given by |k x + k y | ≤ q with q = 2π/3, and H(k) is 9 × 9 matrix
The energy spectrum E n (k) and corresponding eigenoperators χ n (k) can be obtained by diagonalizing the matrix H(k). Note that the chemical potential has to be adjusted for the value of W to preserve the doping p. The number of electrons per unit cell equals 2N due to spin degeneracy, and the doping of the cuprates is counted from half-filling, hence p = 1−2N , where N is the occupied part of the Brillouin zone
where f (x) = 1/(1+exp(x/T ) is a Fermi distribution function. We find that at T = 0, µ = −0.5605t corresponds to half-filled (p = 0) and µ = −0.9682t corresponds to p = 0.125. In Fig. 1 , we plot the band structure and the Fermi surface corresponding to the CDW state from the eigenvalues E n (k) for hole doping p = 0.12 in the first Brillouin zone. We find that the Fermi surface consists of electron pockets at the center as well as at the boundaries of the reduced Brillouin zone given by the green dashed line. Note that there are six electron pockets in RBZ: four large ones at the center (0, 0) and the corners (±2π/3, 0), (0, ±2π/3) of the RBZ (blue and red) and two small electron pockets at the boundary (±π/3, ±π/3) (red). Since for higher doping, the free electron Fermi surface in the absence of CDW (given by ε k in Eq. (1) set to the chemical potential) is large and hole-like, the electron pockets in Fig. 1 at lower doping indicate a doping-induced Fermi surface reconstruction.
Hall and Seebeck Coefficients:
In linear-response theory, three conductivity tensorsσ,α, andκ are related with charge current J and thermal current Q such as
The electric field induced by a thermal gradient in the absence of an electric current J = 0 is given by E =σ −1α
∇T . Therefore, the Seebeck coefficient S , defined as the E x generated by a thermal gradient ∇ x T , reads as, S = α xx /σ xx . The Hall coefficient, defined as the transverse E y generated by a magnetic field B, is given by R H = σ xy /σ 2 xx . We calculate the dc transport properties using the Kubo formula by applying perturbative electric and magnetic fields: E = E 0x cos ωt, B = qẑA 0 sin qy. Further, we assume that the scattering time τ(E, k) is independent of the energy, but momentum dependent: τ(E, k) = τ(k). Phenomenologically, we retain a possible momentum dependence of the scattering time because, as has been shown before, an assumption of a momentum independent τ results in a negative Seebeck coefficient in the normal state [21] [22] [23] (i.e., above the CDW transition temperature), inconsistent with experiments. To lowest order in the applied fields E, B, the conductivity σ xx is given by the Fourier transform of the imaginary time-ordered current-current correlation function,
and σ xy is given by,
where
χ n (k) is the electric current operator. The thermal conductivity coefficient α xx is given by the appropriate correlation function of the thermal current Q and the electric current J,
By taking q → 0, ω → 0 and ignoring the inter-band contributions, we have the following results that are same as those obtained from the Boltzmann equation:
where v
. For a given doping concentration p, the temperature dependence of the CDW order parameter W(T ) is assumed to scale with a mean-field exponent below the critical temperature T CDW such that W(T ) = W 0 |1 − T/T CDW | 1/2 for T < T CDW , whereas W(T ) = 0 for T > T CDW . Further, we assume the doping dependence of the CDW order parameter W(p) below the critical temperature T CDW such that it disappears below (above) a lower (upper) critical doping, producing a CDW dome consistent with the experiments. On the lower doping side we take W(p) = W 0 |1 − p CDW /p| 1/2 for p > p CDW , and W(p) = 0 for p < p CDW , and similarly for the higher doping side. Here, we notice that as CDW disappears, the Fermi surface becomes the contour of the dispersion ε k − µ = 0, which is closed around the corners of the Brillouin zone (the M points), giving rise to the holelike Fermi pockets.
With the conductivities given in Eqs. (7, 8, 9) , and the T and p dependencies of CDW in hand, we calculate the Seebeck and Hall coefficients (S = α xx /σ xx and R H = σ xy /σ 2 xx , respectively) in the underdoped regime. Fig. 2 shows the Seebeck coefficient normalized by temperature, S /T , and the Hall coefficient R H as a function of T for various doping concentrations p. As the temperature lowers, in the presence of CDW, the signs change from positive to negative in both Seebeck and Hall coefficients, while those for p = 0.08 (p < p CDW ) remain positive. This indicates that the emergence of the electron-like pockets due to presence of the CDW gives rise to the negative Seebeck and Hall coefficients. We assumed the scattering time τ(k) = (1 − α(cos k x + cos k y )) 2 with α = 0.5 such that the hight temperature Seebeck coefficient (W = 0) is positive, in accordance with the experiments [15, 16] .
In Fig. 3 we show the doping dependence of the Seebeck and Hall coefficients near the lower critical doping in the CDW phase (analogous results, not shown here, are found also near the higher critical doping). Fig. 3a (3b) shows S /T (R H ) as a function of doping concentration p for various temperatures T . For a given temperature T < T CDW , the positive Seebeck and Hall coefficients for p < p CDW (W(p) = 0 for p below the lower critical doping) becomes negative on crossing the critical doping concentration p CDW , where the electronlike pockets emerge due to the CDW. When temperature is above the CDW critical temperature T CDW , the Seebeck and Hall coefficients remain positive due to the hole-like Fermi surface around the M points in the first Brillouin zone. Such temperature and doping dependencies in the Seebeck and Hall coefficients (specifically, the sign changes at low temperatures in the presence of CDW) are qualitatively consistent with the experiments.
Conclusion: Motivated by strong experimental evidence of an incipient charge density wave instability in the underdoped regime of high-T c cuprates, we calculate the Fermi surface topology and the resulting Hall and Seebeck coefficients for a mean field Q = (2π/3, 2π/3) CDW state. We show that, in the appropriate doping ranges in which the low temperature state (in the absence of superconductivity) is a CDW, the Fermi surface consists of electron pockets, resulting in the Hall and Seebeck coefficients becoming negative at low temperatures. Our calculated temperature and doping dependencies of the transport coefficients, specifically a change of sign at low temperatures in a restricted range of hole-doping, are qualitatively consistent with experiments. (FA9550-13-1-0045 ).
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